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Disjunction Property: A General Study

Let us start with a very concrete problem:

Is there any special form of sequent calculus that if a theory has a system
of that form, then it has the disjunction property?

For a wide range of theories (propositional, modal, predicate, arithmetical,
etc) the answer is yes! In this talk we focus on the intuitionistic modal
case!
To provide such a special form, we follow a pathological rout to first
identify the problematic types of rules that break the disjunction property:

Introducing an essential disjunction:

Γñ  pp ^ qq

Γñ  p _ q

Γ, p, q ñ K Γ, p ñ ∆ Γ, q ñ ∆

Γñ ∆

Eliminating a nested implication:

Γ,  p ñ p
Γñ   p

Γñ p

Γ, p ñ K

Γñ p
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The Main Theorem (informal)

If we define a nice rule as a rule avoiding the previous two problematic
types, we reach the rules that transform formulas without nested
implications to formulas without essential disjunctions. Then:

The Main Theorem (informal)
If G is a strong enough sequent calculus only consisting of nice rules, then
G feasibly admits the Visser rules, i.e., for any G -proof π of a sequent
tAi Ñ BiuiPI ñ C _ D, there is a G -proof either for tAi Ñ BiuiPI ñ C or
tAi Ñ BiuiPI ñ D or tAi Ñ BiuiPI ñ Ai , for some i P I and the algorithm
to find the proof is polynomial time in π.

Cut is nice in this sense and hence we can also address the calculi with
explicit cuts.
Even proving the special case of feasible disjunction property (I “ H)
for LJ` Cut is a highly non-trivial result. [Buss, Mints], [Buss,
Pudlák], [Ferrari, et al].
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Intuitionistic Modal Logics

Set L as the propositional language augmented by the two modalities l

and ♦. Define the basic intuitionistic modal logic iK as the logic of the
sequent system LJ (including cut) plus the following rules:

Γñ A
pKlq

lΓñ lA
Γ,Añ B

pK♦q
lΓ,♦Añ ♦B

It is possible to add any of the following rules to the system iK to reach
different systems for different intuitionistic modal logics.
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Some Modal Rules

Γñ ♦K,∆
p♦Kq

Γñ K,∆

Γñ ♦pp _ qq,∆
p♦_q

Γñ ♦p,♦q,∆

Γ,♦p ñ lq
pl Ñq

Γñ lpp Ñ qq

pDaq
Γ, lK ñ ∆

pDbq
Γñ ♦J,∆

Γñ lp,∆
pDq

Γñ ♦p,∆

Γñ lp,∆
pTaq

Γñ p,∆

Γñ p,∆
pTbq

Γñ ♦p,∆

Γñ lp,∆
p4aq

Γñ llp,∆

Γñ ♦♦p,∆
p4bq

Γñ ♦p,∆

Γñ ♦lp,∆
pBaq

Γñ p,∆

Γñ p,∆
pBbq

Γñ l♦p,∆

Γñ ♦lp,∆
p5aq

Γñ lp,∆

Γñ ♦p,∆
p5bq

Γñ l♦p,∆

Γñ lnp,∆
p4n,ma q

Γñ lmp,∆

Γñ ♦mp,∆
p4n,m

b
q

Γñ ♦np,∆
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tΓñ li p,∆uni“0
ptranaq

Γñ ln`1p,∆

Γñ ♦n`1p,∆
ptranbq

Γñ t♦i pu0ďiďn,∆

Γñ ♦lp,∆
pgaq

Γñ l♦p,∆

Γñ ♦kllp,∆
pgaklmnq

Γñ lm♦np,∆

tΓñ ♦pi ,∆u
n
i“0

pBWn,aq
Γñ t♦ppi ^ ppj _ ♦pj qqui‰j ,∆

tΓñ lppi _ ppj ^ lpj qq,∆ui‰j
pBWn,bq

Γñ t♦pi u
n
i“0,∆

Γñ bdan ,∆
pBDn,aq

Γñ pn`1,∆

Γñ p,∆
pHaq

Γñ lp♦p Ñ pq,∆

Γñ ♦plp ^ qq,∆
pdirq

Γñ lp♦p _ qq,∆

The formula bda
n is defined recursively: bda

1 “ ♦lp1 and
bda

n`1 “ ♦plpn`1 ^ bda
n ^ pnq.
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Almost Positive and Almost Negative Formulas

Definition
Basic formulas: t^,_,♦u over atoms (including J and K).

Almost positive formulas: t^,_,l,♦u over basics and AÑ B ,
where A is basic and B is almost positive.
Almost negative formulas: t^,lu over basics and AÑ B , where A
is almost positive and B is almost negative.

Example

Is Isn’t
Basic pp ^ qq, pp _ qq, ♦np  p, lp

Almost positive  p, ♦kllp   p

Almost negative lm♦np pp _ pq, ♦lp

Note that p, pp ^ qq, pp _ qq, pp Ñ qq,  p, lp and ♦p are both almost
positive and almost negative.
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Almost Negative Rules as the Nice Rules

I is a finite index set (possibly empty), Γ and ∆ multiset variables,
M and M 1

i multisets of almost positive formulas, and
N and N 1i multisets of almost negative formulas.

Definition
Left almost negative:

tΓ,N 1i ñ M 1
i ,∆uiPI

Γ,M ñ ∆

If |I | ą 1, all formulas in N 1i are basic, for any i P I .
Right almost negative:

tΓ,N 1i ñ M 1
i uiPI (context-free)

Γñ N

tΓñ M 1
i ,∆uiPI (contextual)

Γñ N,∆

N 1i consists of basic formulas, for any i P I . Moreover, if N has more
than one formula, then all of them must be basic.
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Example
All the rules of LJ (including cut) and all the rules we had before are
almost negative. For instance:

Γñ ♦kllp,∆
pgaklmnqΓñ lm♦np,∆

is almost negative and covers all the following modal rules:
Γñ lp,∆

pTaq
Γñ p,∆

Γñ p,∆
pTbq

Γñ ♦p,∆

Γñ lp,∆
p4aq

Γñ llp,∆

Γñ ♦♦p,∆
p4bq

Γñ ♦p,∆

Γñ ♦lp,∆
pBaq

Γñ p,∆

Γñ p,∆
pBbq

Γñ l♦p,∆

Γñ ♦lp,∆
p5aq

Γñ lp,∆

Γñ ♦p,∆
p5bq

Γñ l♦p,∆

Also we have:
Γ,♦p ñ lq

Γñ lpp Ñ qq

tΓñ ♦pi ,∆u
n
i“0

Γñ t♦ppi ^ ppj _ ♦pj qqui‰j ,∆

tΓñ lppi _ ppj ^ lpj qq,∆ui‰j

Γñ t♦pi u
n
i“0,∆

For the non-examples, consider the following five rules:

Γñ p _  p Γñ p, p
Γñ   p

Γñ p

Γ, p ñ K

Γñ p

Γ, p ñ ∆ Γ, p ñ ∆

Γñ ∆
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Γñ t♦pi u
n
i“0,∆

For the non-examples, consider the following five rules:

Γñ p _  p Γñ p, p
Γñ   p

Γñ p

Γ, p ñ K

Γñ p

Γ, p ñ ∆ Γ, p ñ ∆

Γñ ∆
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Some Definitions

Definition
A calculus G (logic L) is called T -free if it extends iK and is valid in the
irreflexive Kripke frame of one node. It is called T -full if it is valid in the
reflexive Kripke frame of one node and extends iK` Ta ` Tb.

Example
Any system consisting of iK together with any combination of the rules
t♦K,♦_,l Ñ, tTa,Tbu, 4, 4n,m, trn, 5,B,BDn,a,BWn,a,Ha, ga, diru is
either T -free or T -full. The system iK` D is neither T -free nor T -full.

Definition
The set of Harrop formulas is the smallest set of L-formulas including
atomic formulas, K,J, and is closed under ^,l, and implications of the
form AÑ B , where A is an arbitrary formula and B is a Harrop formula.
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The Main Theorem (formal)

Main Theorem (formal)
Let G be a T -free or a T -full calculus extending iK only by some almost
negative rules. Then G feasibly admits the Visser-Harrop rules, i.e., for any
G -proof π of a sequent Γ, tAi Ñ BiuiPI ñ C _ D in G , where Γ is a set of
Harrop formulas, there is a G -proof either for Γ, tAi Ñ BiuiPI ñ C or
Γ, tAi Ñ BiuiPI ñ D or Γ, tAi Ñ BiuiPI ñ Ai , for some i P I and the
algorithm to find the proof is polynomial time in π.

Applications
Any system extending iK only by a combination of the rules
t♦K,♦_,l Ñ, tTa,Tbu, 4, 4n,m, trn, 5,B,BDn,a,BWn,a,Ha, ga, diru
feasibly admits the Visser-Harrop rules.
If a T -free or a T -full logic does not admit the Visser rules (e.g. any
extension of LC), then it has no calculus extending iK only by the
almost negative rules.
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Thank you for your attention!
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