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Let us start with a very concrete problem:

Is there any special form of sequent calculus that if a theory has a system
of that form, then it has the disjunction property? }

For a wide range of theories (propositional, modal, predicate, arithmetical,
etc) the answer is yes! In this talk we focus on the intuitionistic modal

case!
To provide such a special form, we follow a pathological rout to first

identify the problematic types of rules that break the disjunction property:
@ Introducing an essential disjunction:

= —=(pnrq) Mpg=1 M—-p=A M—-qg=A
= —-pv —g M= A
o Eliminating a nested implication:

= —-—p M—-p= 1
r=p Fr=np

[L—=p=0p
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The Main Theorem (informal)

If we define a nice rule as a rule avoiding the previous two problematic
types, we reach the rules that transform formulas without nested
implications to formulas without essential disjunctions. Then:
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If G is a strong enough sequent calculus only consisting of nice rules, then
G feasibly admits the Visser rules, i.e., for any G-proof 7 of a sequent

{Ai = Bi}ics = C v D, there is a G-proof either for {A; — B;}jc; = C or
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If we define a nice rule as a rule avoiding the previous two problematic
types, we reach the rules that transform formulas without nested
implications to formulas without essential disjunctions. Then:

The Main Theorem (informal)

If G is a strong enough sequent calculus only consisting of nice rules, then
G feasibly admits the Visser rules, i.e., for any G-proof 7 of a sequent

{Ai = Bi}ics = C v D, there is a G-proof either for {A; — B;}jc; = C or
{Ai — Bj}ic1 = D or {A; — Bj}ie; = A;, for some i € | and the algorithm
to find the proof is polynomial time in 7.

o Cut is nice in this sense and hence we can also address the calculi with
explicit cuts.

@ Even proving the special case of feasible disjunction property (I = &)
for LJ + Cut is a highly non-trivial result. [Buss, Mints], [Buss,
Pudlak], [Ferrari, et al].
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Intuitionistic Modal Logics

Set L as the propositional language augmented by the two modalities []
and {. Define the basic intuitionistic modal logic /K as the logic of the
sequent system LJ (including cut) plus the following rules:

= A rA= B
Or =[JA (ko) N, 0A = OB (Ko)
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Intuitionistic Modal Logics

Set L as the propositional language augmented by the two modalities []
and {. Define the basic intuitionistic modal logic /K as the logic of the
sequent system LJ (including cut) plus the following rules:

= A rA= B
Or =[JA (ko) N, 0A = OB (Ko)

It is possible to add any of the following rules to the system /K to reach
different systems for different intuitionistic modal logics.
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Some Modal Rules

e R P
Foisa ) Toora B = o
TR B e () R ) Pt )
TR ST )
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{r=0p,A}_, r=0""p, A

(tra]) ———— (tra})
r=0tip,a r= {0'plo<icn, &
r= o0p, A (&) r= okO'p, A ( N
M= 00p & F = 70 p, A Eokmn
r WNLE r ; ; )y A}isj
{r = Opi, A} _o (BWp.0) {r =0 v (p Anljp/)) it (BW,.5)
F= {Opi A (pj v OP))}injs A I= {Opi}/_g. A
= bd?, A r=p, A r=0p A q),A .
—————— (BD»,a) (Ha) ( ~ 9) (dir)
r=pp1, A r=[10p—p),A r=>0©0pvag),A
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{r=0p, A}, r=0"t1p, A

(tra]) ———— (tra})
r=0""p, 4 r= {0'plo<icn, &
r= o0p, A (&) r= okOd'p, A ( N
r= [J0p, A r = "0, A &3kimn
r i A r= i . )y A}ie;
{r = 0pi, A} _o (BWp.0) { Opi v (pj Anljp/)) Vit (W)
= {O(pi A (pj v OP;))}injs A = {0pi}/_0, A
= bd?, A r=pA r=900p »q),A .
—————— (BDn,a) (Ha) ( ) (dir)
I= pp1, A r=[>0p —p),A r=[>0d©pva),A

The formula bd3 is defined recursively: bdf = OJp; and
bd2,, = O(CPass A bd2 A —py).
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Almost Positive and Almost Negative Formulas

e Basic formulas: {A, v, {} over atoms (including T and 1).
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e Basic formulas: {A, v, {} over atoms (including T and 1).
@ Almost positive formulas: {A, v,[], 0} over basics and A — B,
where A is basic and B is almost positive.

e Almost negative formulas: {A,[]} over basics and A — B, where A
is almost positive and B is almost negative.

v
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e Basic formulas: {A, v, {} over atoms (including T and 1).

@ Almost positive formulas: {A, v,[], 0} over basics and A — B,
where A is basic and B is almost positive.

e Almost negative formulas: {A,[1} over basics and A — B, where A
is almost positive and B is almost negative.

Is Isn’t
Basic (PArq) (Pvq) O"p —p, Op
Almost positive —p, OKOI'p ——p
Almost negative Oomo"p (pv —p), Olp
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e Basic formulas: {A, v, {} over atoms (including T and 1).
@ Almost positive formulas: {A, v,[], 0} over basics and A — B,
where A is basic and B is almost positive.

e Almost negative formulas: {A,[1} over basics and A — B, where A
is almost positive and B is almost negative.

Is Isn't
Basic (PArq) (Pvq) O"p —p, Op
Almost positive —p, OKOI'p ——p
Almost negative Oomo"p (pv —p), Olp

Note that p, (p A q), (p Vv q), (p — q), —p, (Ip and Op are both almost
positive and almost negative.
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Almost Negative Rules as the Nice Rules

@ | is a finite index set (possibly empty), I and A multiset variables,
e M and M! multisets of almost positive formulas, and

e N and ﬁ,’ multisets of almost negative formulas.
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{raﬁ,, = V,{a A}iel
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If |/| > 1, all formulas in N/ are basic, for any i € /.
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@ | is a finite index set (possibly empty), I and A multiset variables,
e M and M! multisets of almost positive formulas, and

e N and ﬁ,’ multisets of almost negative formulas.

o Left almost negative:

{raﬁ,, = V,{a A}iel
M= A

If |/| > 1, all formulas in N/ are basic, for any i € /.

@ Right almost negative:
{T,N] = M} {r'= M, A}

— (context-free) — (contextual)
=N M= N A

N; consists of basic formulas, for any i € /. Moreover, if N has more

than one formula, then all of them must be basic.
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Example
All the rules of LJ (including cut) and all the rules we had before are
almost negative. For instance:

M= Ok'p, A
M= ["0"p, A

is almost negative and covers all the following modal rules:

(gaklmn)

M= [p, A r= 00p, A

r=[p,A - r=p A - A a

ﬁ(a) r= op, A (To) r = O, A (42) = op, A (45)
r= O[p, A M= p, A r= 0Cp, A r= Op,A
oo ) Tomoea r=oea Y Tooma O
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Example

All the rules of LJ (including cut) and all the rules we had before are
almost negative. For instance:

= QkDII% A (ga )
Kl
F=["0"p, A m
is almost negative and covers all the following modal rules:
r Cp, A r , A r Op, A r O0p, A
= (T — 2 (Ty) — T ) (4
=p,A r=0p,A r=[p, A r= 0p,A
r=op.A r=pA = odpA M= op,A
=2 () P (B e (Ba) e (58)
=pA = 00p, & T=0h 0 r= e, A

Also we have:

r,op=[gq {Tr = 0pi, A} o {r=0pi v (pj A 0Opj))s A}ixj

r= 0Ok —a I= {O@pi A (pj v OPj))}izjs A r= {0pi}i_o, A
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r=>0p—aq) r= {O(pi ~ (pj v OP))}izjs A I = {Opi}f_g, A

For the non-examples, consider the following five rules:

= ——p r—-p= 1 Mp=A r—-p=A

Fr=pv-p r=p,—p

r=p r=rp r= A
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Some Definitions

Definition

A calculus G (logic L) is called T-free if it extends /K and is valid in the
irreflexive Kripke frame of one node. It is called T-full if it is valid in the
reflexive Kripke frame of one node and extends iK + T, + T,.
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irreflexive Kripke frame of one node. It is called T-full if it is valid in the
reflexive Kripke frame of one node and extends iK + T, + T,.

Example

| A\

Any system consisting of /K together with any combination of the rules
{O0L,0v,0—,{Ta, Tp},4,4"™ tr",5, B, BDp, 5, BW, 5, H,, ga, dir} is
either T-free or T-full. The system /K + D is neither T-free nor T-full.
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irreflexive Kripke frame of one node. It is called T-full if it is valid in the
reflexive Kripke frame of one node and extends iK + T, + T,.

Example

| \

Any system consisting of /K together with any combination of the rules
{O0L,0v,0—,{Ta, Tp},4,4"™ tr",5, B, BDp, 5, BW, 5, H,, ga, dir} is
either T-free or T-full. The system /K + D is neither T-free nor T-full.

Definition
The set of Harrop formulas is the smallest set of £-formulas including

atomic formulas, 1, T, and is closed under A,[J, and implications of the
form A — B, where A is an arbitrary formula and B is a Harrop formula.

| \

v
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The Main Theorem (formal)

Main Theorem (formal)

Let G be a T-free or a T-full calculus extending iK only by some almost
negative rules. Then G feasibly admits the Visser-Harrop rules, i.e., for any
G-proof 7 of a sequent I', {A; — Bj}ics = C v D in G, where I is a set of
Harrop formulas, there is a G-proof either for I', {A; — Bj}ic; = C or

I, {Ai — Bi}ici = D or I, {A; — Bj}ic; = Aj, for some i € | and the
algorithm to find the proof is polynomial time in 7.
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Let G be a T-free or a T-full calculus extending iK only by some almost
negative rules. Then G feasibly admits the Visser-Harrop rules, i.e., for any
G-proof 7 of a sequent I', {A; — Bj}ics = C v D in G, where I is a set of
Harrop formulas, there is a G-proof either for I', {A; — Bj}ic; = C or

I, {A, — B,'},'E/ = Dorl, {A, — Bi}iel = A;, for some i € | and the
algorithm to find the proof is polynomial time in 7.

Applications

| A,

@ Any system extending /K only by a combination of the rules
{O—L7 <>Va|:| _)7 {T87 Tb}a 47 4n7m7 trn7 57 B7 BDn,aa BWn,a7 Haa ga7 dlr}
feasibly admits the Visser-Harrop rules.
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The Main Theorem (formal)

Main Theorem (formal)

Let G be a T-free or a T-full calculus extending iK only by some almost
negative rules. Then G feasibly admits the Visser-Harrop rules, i.e., for any
G-proof 7 of a sequent I', {A; — Bj}ics = C v D in G, where I is a set of
Harrop formulas, there is a G-proof either for I', {A; — Bj}ic; = C or

I, {A, — B,'},'E/ = Dorl, {A, — Bi}iel = A;, for some i € | and the
algorithm to find the proof is polynomial time in 7.

Applications

| A,

@ Any system extending /K only by a combination of the rules
{OL,0v,0—,{Ta, Tp},4,4"" tr".5,B, BD, 5, BW, 5, H,, ga, dir}
feasibly admits the Visser-Harrop rules.

o If a T-free or a T-full logic does not admit the Visser rules (e.g. any
extension of LC), then it has no calculus extending iK only by the
almost negative rules.

A\
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Thank you for your attention!
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